The purpose of this note is to prove the following "Galois by pro-p Homform" of the birational anabelian conjecture: Theorem 1. Let K|k and L|k be regular function fields over the sub-p-adic field k. Then there is a canonical bijection
where the set on the right hand side consists of open G k -homomorphisms of profinite groups, considered up to composition with an inner automorphism of Π K defined by an element of Π K .
Before embarking on the proof, we first explain Theorem 1 in a bit more detail, in particular identifying the two categories that are relevant to our discussion. So let G k denote the category whose objects are profinite group extensions of G k by a pro-p group, and whose morphisms are outer open G khomomorphisms. Thus, an object of G k is a profinite group G together with a continuous surjection π G : G ։ G k with kernel a pro-p group. A morphism from G to H in G k is of the form Inn G k (H) • f , where f : G → H is an open homomorphism such that π G = π H •f , and Inn G k (H) denotes the group of inner automorphisms of H which induce the identity on G k . By lemma 15.8 of [3] , G k has trivial center, so Inn G k (H) consists exactly of the inner automorphisms of H defined by an element of ker(π H ). Thus, the Hom set on the right hand side of Theorem 1 refers to the morphisms in G k . Now we describe the category of field extensions which appears on the left hand side of Theorem 1: let F k denote the category of regular function fields K|k together with a maximal pro-p extension K|Kk (recall that we have fixed an algebraic closure k|k such that Gal(k|k) = G k ). Then the canonical map
in F k is a k-embedding of fields i : K ֒→ L, so that the Hom set on the left hand side of Theorem 1 refers to the morphisms in F k . Finally, note that given two pairs (K, K) and (L, L), any k-embedding i : K ֒→ L extends uniquely to a k-embedding i : Kk ֒→ Lk which further extends to a k-embedding i : K ֒→ L, which is well defined up to composition with an element of Π K . Indeed, i( K) is simply the p-part of the relative algebraic closure of i(Kk) in L. It follows that i defines (in a functorial way) a morphism
Theorem 1 is the assertion that the correspondence i → Φ i is a bijection. From the above description, it is clear that the appearance of outer homomorphisms on the right hand side of Theorem 1 is due to the fact that a morphism i : K ֒→ L in F k only defines a k-embedding i : K ֒→ L up to composition with an element of Π K . Hence, we can reformulate Theorem 1 as follows: let F k be the category with the same objects as F k but with Hom sets:
and let G k be the category with the same objects as G k but with morphisms given by open G k -homomorphisms (instead of outer homomorphisms). Then we have a functor Π : F k ; G k , which on morphisms is given by i → Φ i , where
Then Theorem 1 is equivalent to the assertion that Π is fully faithful. If K has transcendence degree 1 over k, then Theorem 1 is a special case of Theorem 16.5 of [3] . Moreover, in loc. cit. Mochizuki derives a full profinite version of our Theorem 1 as a corollary to his main theorem (this result appears as corollary 17.1 in [3] ). There he uses an inductive procedure which is ill-suited to the pro-p situation, and hence obtains only a profinite result. Our proof of Theorem 1 will also begin with Mochizuki's result for transcendence degree 1, but instead of proceeding inductively, we will make use of the second author's ideas as described in [2] .
Proof of Theorem 1
Suppose that (K, K) and (L, L) are objects of F k , so that K|k is a regular function field over the sub-p-adic field k, and K|Kk is a maximal pro-p extension (similarly for L). The proof will have two parts:
ii) The map i → Φ i is injective.
Proof of i): Suppose that we are given an open
Since Φ is open, its image in Π K is a subgroup of finite index, which corresponds to a finite extension K ′ |K contained in K. Moreover, the image of Φ contains G k , so k is relatively algebraically closed in K ′ , and thus K ′ |k is a regular function field. Consider the open G k -surjection induced by Φ:
and suppose that Φ ′ is defined by a k-embedding i ′ : K ֒→ L. Then it is clear that Φ is also defined by i ′ upon composition with the natural inclusion Π K ′ ⊂ Π K . Hence, we may replace K by K ′ , and without loss of generality assume that Φ is surjective.
The choice of a compatible system of p-power roots of unity in k yields an isomorphism of G k -modules µ p ∞ ≃ Z p (1). Fixing this isomorphism, Kummer Theory gives us a commutative diagram (where ( ) denotes pro-p completion):
and similarly for L. Moreover, the surjection Φ : Π L ։ Π K yields an injection on cohomology which fits into the commutative diagram:
Via the isomorphisms given by Kummer Theory, this diagram becomes
Finally, modding out by the image of k × , we obtain an injection of groups
Claim 1:
The map H 1 (Φ) is the pro-p completion of a homomorphism
Proof: First of all, note that K × /k × is a free abelian group, and therefore embeds into its pro-p completion ( 
For this we use Theorem 16.5 from [3] , which says that Theorem 1 is true when K|k has transcendence degree 1. Indeed, let t ∈ K × − k × be an arbitrary nonconstant function. Then k(t) is the rational function field in one variable over k, and the inclusion of fields k(t) ⊂ K yields an open outer G k -homomorphism
Composing with Φ yields an open outer
which by Mochizuki's Theorem is defined by a k-embedding
Via Kummer Theory we obtain the commutative diagram
Chasing the diagram now shows that
But by functoriality we have
since φ t is defined by the inclusion k(t) ⊂ K. Thus, we have shown that H 1 (Φ)(t) ∈ L × /k × , and since t was arbitrary, it follows that
This concludes the proof of the claim. 2
Thus, we have an injection of groups
Thinking now of K and L as infinite dimensional k-vector spaces, P(K) := K × /k × is an infinite dimensional projective space over k, and similarly for P(L). Then α : P(K) ֒→ P(L) is an inclusion which respects the multiplicative structures. Note that we do not yet know that the image of α is a linear subspace of P(L). This will follow from Claim 2: The map α : P(K) ֒→ P(L) preserves collineations.
Proof: A line in P(K) is the image of a two-dimensional k-subspace of K. So let t 1 and t 2 be k-linearly independent elements of K, and consider the line l t1t2 := (kt 1 + kt 2 )/k × ⊂ P(K). Now multiplication by t 1 is an automorphism of P(K) (considered as a multiplicative group) which preserves lines. Moreover, it is clear that
Since α is a group homomorphism, we see that
).
Since multiplication by α(t 1 ) is a collineation preserving automorphism of P(L), it suffices to show that α maps lines of the form l 1t := (k1 + kt)/k × in P(K) to lines in P(L). But this follows by another application of Mochizuki's Theorem ( [3] , Theorem 16.5).
To see this, recall the notations from the proof of Claim 1: the inclusion of fields k(t) ⊂ K gives the composition
which by Mochizuki is defined by the k-embedding i t : k(t) ֒→ L. This in turn yields a collineation preserving map of projective spaces
But l 1t is a line in P(k(t)), so P(i t )(l 1t ) is a line in P(L). Just as before, a diagram chase now shows that
and thus α(l 1t ) is a line in P(L). 2
Indeed, all field properties are obvious except for closure under addition. But if s 1 , s 2 are two k-linearly independent elements of L 0 , then there exist
Since α preserves collineations, it is then clear that
But this means that
, so we get a collineation preserving bijection
By the Fundamental Theorem of projective geometry (see [1] ) we conclude that α is induced by an isomorphism of k-vector spacesα : K→L 0 . Moreover, α was already a multiplicative group homomorphism, soα is actually a field isomorphism. Composing with the inclusion L 0 ⊂ L yields a k-embedding of fields i : K ֒→ L.
Since Φ is a G k -homomorphism, it follows that K ′ and L ′ are regular function fields over a sub-p-adic field k ′ , which is a finite extension of k (namely, k ′ = K ′ ∩ k). The restriction of Φ yields a surjective
Just as we obtained the k-embedding i from Φ, we obtain from Φ ′ a k ′ -embedding i ′ : K ′ ֒→ L ′ , which by the naturality of the construction lies over i (more precisely, we are using the fact that the restriction map on cohomology behaves nicely):
Note that extensions of the type K ′ |K above exhaust the extension K|K, so passing to the limit we obtain a k-embedding
Moreover, it is clear from the construction that H 1 (Φ iΦ ) = H 1 (Φ). We claim that in fact Φ iΦ = Φ.
For this, again consider a finite Galois extension K ′ |K contained in K, and the corresponding (under Φ) finite Galois extension L ′ |L contained in L. Then Φ yields a surjection of Galois groups
Note that H
